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OSCILLATING MULTIPLIERS ON SYMMETRIC
SPACES AND LOCALLY SYMMETRIC SPACES
EFFIE PAPAGEORGIOU
Abstract. We prove Lp-boundedness of oscillating multipliers on
all symmetric spaces and a class of locally symmetric spaces.
1. Introduction and statement of the results
Let G be a semi-simple, non-compact, connected Lie group with
finite center and let K be a maximal compact subgroup of G. We
consider the symmetric space of non-compact type X = G/K.
In [12], Giulini and Meda consider the multiplier
(1) mα,β(λ) = (‖λ‖2 + ‖ρ‖2)−β/2ei(‖λ‖2+‖ρ‖2)α/2 , α >, β ≥ 0, λ ∈ a∗,
where ρ is the half sum of positive roots, counted with their multi-
plicities. Denote by Tα,β the convolution operator with kernel κα,β, the
inverse spherical Fourier transform ofmα,β in the sense of distributions:
(2) Tα,β(f)(x) =
∫
G
κα,β(xy
−1)f(y)dy, f ∈ C∞0 (X).
Note that
(3) Tα,β = ∆
−β/2
X e
i∆
α/2
X , α >, β ≥ 0,
where ∆X is the Laplace-Beltrami operator on X .
In [12] is studied the Lp-boundedness of the operator Tα,β in the
case when rankX = 1. In the present work we deal with the Lp-
boundedness of Tα,β in the case when rankX ≥ 2. We also deal with
the Lp -boundedness of this operator on locally symmetric spaces.
Let Γ be a discrete and torsion free subgroup of G and let us consider
the locally symmetric space M = Γ\X = Γ\G/K. Then M , equipped
with the projection of the canonical Riemannian structure of X , be-
comes a Riemannian manifold.
To define oscillating multipliers on M , we first observe that if f ∈
C∞0 (M), then, the function Tα,βf defined by (2), is right K-invariant
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and left Γ-invariant. So Tα,β can be considered as an operator acting
on functions on M , which we shall denote by T̂α,β.
In [8] is studied the Lp-boundedness of T̂α,β in the case of rank one
locally symmetric spaces. In the present paper we treat the case when
rankX ≥ 2.
To prove the Lp-boundedness of the part at infinity of our operators
Tα,β and T̂α,β, we shall make use of the Kunze and Stein phenomenon
[14, 18, 20]. Recall that in the case of symmetric spaces it states that if
κ is a K-bi-invariant function, then the convolution operator ∗|κ| with
kernel |κ| satisfies the estimate
(4) ‖∗ |κ|‖Lp(X)→Lp(X) ≤ cp
∫
G
|κ (g)|ϕ−iρp (g) dg,
where ϕλ is the spherical function with index λ and ρp = |2/p− 1|ρ.
In the case of locally symmetric spaces the Kunze and Stein phe-
nomenon is proved in [20] and states that ∗|κ| satisfies the estimate
(5) ‖ ∗ |κ|‖Lp(M)→Lp(M) ≤
∫
G
|κ(g)|ϕ−iηΓ(g)s(p)dg,
for some ηΓ ∈ a∗ and s(p) > 0. We say that M belongs in the class
(KS) if (5) is valid on it. In [20] it is shown that M possesses property
(KS) if it is contained in the following three classes:
(i) Γ is a lattice i.e. vol (Γ\G) <∞,
(ii) G possesses Kazhdan’s property (T). Recall that G has prop-
erty (T) iff G has no simple factors locally isomorphic to SO(n, 1) or
SU(n, 1), [13, ch. 2]. In this case Γ\G/K possesses property (KS) for
all discrete subgroups Γ of G.
(iii) Γ is amenable.
Note that the Kunze and Stein phenomenon is valid on the whole
class of symmetric spaces we consider here.
Theorem 1. Assume that α ∈ (0, 1) and that M = Γ\X belongs in
the class (KS).
(i) If β ≤ nα/2, then Tα,β (resp. T̂α,β) is bounded on Lp(X) (resp.
on Lp(M)) for all p ∈ (1,∞), provided that β > αn|1/p− 1/2|.
(ii) If β > nα/2, then Tα,β (resp. T̂α,β) is bounded on L
p(X) (resp.
on Lp(M)) for all p ∈ (1,∞).
It is worth mentioning that Giulini and Meda in [12] treat also the
case α ≥ 1. The case α = 1 is of particular interest since T1,β =
∆
−β/2
X e
i∆
1/2
X and thus T1,β is related to the wave operator. In [12] it
is proved that T1,β is bounded on L
p(X), p ∈ (1,∞), provided that
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β > (n − 1)|1/p − 1/2|, while if α > 1, then Tα,β is bounded only on
L2(X).
Oscillating multipliers have been extensively studied in various geo-
metric settings. On Rn, the operator Tα,β is defined in the Fourier
transform variables by the formula
̂(Tα,βf) (ξ) = mα,β(ξ)fˆ (ξ) , f ∈ C∞0 (Rn) ,
where
mα,β(ξ) = ‖ξ‖−β ei‖ξ‖
α
θ (ξ) ,
where θ ∈ C∞0 (R) is a cut-off function which vanishes near zero, and
equals to 1 outside the ball B (0, 2). The Lp-boundedness of Tα,β on R
n
for α ∈ (0, 1), is extensively studied. See for example [17, 26, 25, 9, 23].
The Lp-boundedness of oscillating multipliers has been studied also
in various geometric settings as Riemannian manifolds, Lie groups and
symmetric spaces. See for example [12, 1, 21, 11] and the references
therein. Especially, for the case of symmetric spaces, see [12] and for
locally symmetric spaces, [8].
This paper is organized as follows. In Section 2 we present the nec-
essary tools we need for our proofs, and in Section 3 we give the proofs
of our results.
2. Preliminaries
In this section we recall some basic facts about symmetric spaces
and locally symmetric spaces we will use for the proof of our results.
For details see [3, 16, 10, 20].
Let G be a semisimple Lie group, connected, noncompact, with finite
center and let K be a maximal compact subgroup of G and X = G/K.
In the sequel we assume that dimX = n. Denote by g and k the
Lie algebras of G and K. Let also p be the subspace of g which is
orthogonal to k with respect to the Killing form. The Killing form
induces a K-invariant scalar product on p and hence a G-invariant
metric on G/K. Denote by ∆X the Laplace-Beltrami operator on X ,
by d(., .) the Riemannian distance and by dx the associated measure
on X . Let Γ be a discrete torsion free subgroup of G. Then, the
locally symmetric spaceM = Γ\X , equipped with the projection of the
canonical Riemannian structure ofX , becomes a Riemannian manifold.
Fix a a maximal abelian subspace of p and denote by a∗ the real dual
of a. If dim a = d, we say that X has rank d. Let A be the analytic
subgroup of G with Lie algebra a. Let a+ ⊂ a and let a+ be its closure.
Put A+ = exp a+. Its closure in G is A+ = exp a+. We have the Cartan
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decomposition
(6) G = K(A+)K = K(exp a+)K.
Normalize the Haar measure dk of K such that
∫
K
dk = 1. Then, from
the Cartan decomposition, it follows that∫
G
f(g)dg =
∫
K
dk1
∫
a+
δ(H)dH
∫
K
f(k1 exp(H)k2)dk2,
where the modular function δ(H) satisfies the estimate δ(H) ≤ ce2ρ(H).
Note that if f is K-right-invariant, then
(7)
∫
G
f (g) dg =
∫
X
f (x) dx.
We say that α ∈ a∗ is a root vector, if the root space
gα = {X ∈ g : [H,X ] = α(H)X, for all H ∈ g} 6= {0} .
Denote by ρ the half sum of positive roots, counted with their multi-
plicities.
2.1. The spherical Fourier transform. Denote by S(K\G/K) the
Schwartz space of K-bi-invariant functions on G. The spherical Fourier
transform H is defined by
Hf(λ) =
∫
G
f(x)ϕλ(x) dx, λ ∈ a∗, f ∈ S(K\G/K),
where ϕλ are the elementary spherical functions on G.
Let S(a∗) be the usual Schwartz space on a∗, and let us denote by
S(a∗)W the subspace of W -invariants in S(a∗), where W is the Weyl
group associated to the root system of (g, a). Then, by a celebrated
theorem of Harish-Chandra, H is an isomorphism between S(K\G/K)
and S(a∗)W and its inverse is given by
(H−1f)(x) = c
∫
a∗
f(λ)ϕ−λ(x)
dλ
|c(λ)|2 , x ∈ G, f ∈ S(a
∗)W ,
where c(λ) is the Harish-Chandra function.
2.2. The heat kernel on X. Let us denote by pt(x) the heat kernel
on X . If
mt(λ) =
c
|W |e
−t(‖λ‖2+‖ρ‖2), t > 0, λ ∈ a∗,
then pt(x) = (H−1mt)(x), [4].
The heat kernel on symmetric spaces has been extensively studied
[4, 5]. Sharp estimates of the heat kernel have been have been obtained
by Davies and Mandouvalos in [7] for the real hyperbolic space, while
Anker and Ji in [4] and later Anker and Ostellari in [5], generalized
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results of [7] to all symmetric spaces of noncompact type. They proved
the following sharp estimate [5, Main Theorem]:
pt(expH) ≤ ct−n/2
 ∏
α∈Σ+0
(1 + 〈α,H〉)(1 + t+ 〈α,H〉)mα+m2α2 −1

× e−‖ρ‖2t−〈ρ,H〉−‖H‖2/4t,(8)
for all H ∈ a+ and all t > 0, where n =dimX . Note that here, Σ+0
is the set of positive indivisible roots and mα = dim g
α. From (8), we
deduce the following crude estimate
(9) pt(expH) ≤ ct−n/2e−‖H‖2/4t,
which is sufficient for our purposes.
3. Proof of Theorem 1
In this section, we shall prove Theorem 1. We start by performing,
as usual, a decomposition of the kernel κα,β. Write
κα,β = ζκα,β + (1− ζ)κα,β := κ0α,β + κ∞α,β,
where ζ ∈ C∞(K\G/K) is a cut-off function such that
(10) ζ(x) =
{
1, if |x| ≤ 1/2,
0, if |x| ≥ 1.
Denote by T 0α,β (resp. T
∞
α,β) the convolution operators on X with kernel
κ0α,β (resp. κ
∞
α,β). Denote also by T̂
0
α,β and T̂
∞
α,β the corresponding
convolution operators on M .
3.1. The local part. For the local part of the operators, that is T 0α,β
on X and T̂ 0α,β on M respectively, we shall express the kernel κα,β via
the heat kernel on the symmetric space X , following the approach of
[2] (see also [11, 22]).
Consider a radial function ω ∈ C∞0 (a∗), such that
suppω ⊂
{
λ : 1/
√
2 ≤ ‖λ‖ ≤
√
2
}
and
∑
j∈Z
ω(2j/2λ) = 1.
Then, ω is W -invariant and for j ≥ 0, we set
(11) mj(λ) = mα,β(λ)ω(2
−j/2λ).
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Set ξ = ‖λ‖2, λ ∈ a∗. Then, the multipliers mj(ξ) are supported in
(2j−1, 2j+1), j ≥ 0, and
mα,β(ξ) =
∑
j≥0
mj(ξ).
Set
(12) hj(ξ) = mj(2
j ln ξ)ξ−1, j ≥ 0,
and observe that for all j ≥ 0
(13) supp(hj) ⊂ (e1/2, e2)
and that
hj(e
2−j∆X )e2
−j∆X = mj(2
j ln e2
−j∆X )e−2
−j∆Xe2
−j∆X(14)
= mj(∆X).
Denote by κj(x), x ∈ X , the kernel of the operator Tj = mj(∆X).
Then, from (14) it follows that
κj(x) = mj(∆X)δ0(x) = hj(e
2−j∆X )e2
−j∆Xδ0(x)(15)
= hj(e
2−j∆X )p2−j (x),
where pt(x) is the heat kernel on X .
Note that ∑
j≥0
κj(x) =
∑
j≥0
mj(∆X)δ0(x)
= mα,β(∆X)δ0(x) = κα,β(x).(16)
In this section we shall prove the following proposition.
Proposition 2. Assume that α ∈ (0, 1).
(i) If β ≤ nα/2, then T 0α,β (resp. T̂ 0α,β) is bounded on Lp(X) (resp.
on Lp(M)), p ∈ (1,∞), provided that β > αn |1/p− 1/2|.
(ii) If β > nα/2, then T 0α,β (resp. T̂
0
α,β) is bounded on L
p(X) (resp.
on Lp(M)) for every p ∈ (1,∞).
For the proof of the proposition above we need several lemmata. It
will be given at the end of the section.
3.1.1. Pointwise estimates of the kernels κj. Set
Ur = {x = k1(expH)k2 ∈ G : k1, k2 ∈ K, H ∈ V +r },
where
Vr = {H ∈ a : |H| ≤ r}, and V +r = Vr ∩ a+.
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Set also
Aq = U2(q+1)/2\U2q/2 , q ∈ R.
Lemma 3. There are constants c > 0 and δ ∈ (0, 1/8) such that for
all j ∈ N, q ≥ −j and |t| ≤ δ2(q+j)/2,
(17)
∣∣∣eite2−j∆X p2−j (x)∣∣∣ ≤ ce−c2(q+j)/22nj/2, for all x ∈ Aq.
Proof. We have that
(18)
eite
2−j∆X p2−j (x) =
∑
m≥0
(it)m
m!
em2
−j∆Xp2−j (x) =
∑
m≥0
(it)m
m!
p(m+1)2−j (x).
But, pt is aK-bi-invariant function. So, the same is true for e
ite2
−j∆X p2−j .
Bearing in mind that if x = k1(expH)k2 ∈ Aq, then ‖H‖ = |x| ≥ 2q/2,
it follows from (18) and the estimate (9) of pt(expH) that∣∣∣eite2−j∆X p2−j (expH)∣∣∣ ≤ c∑
m≥0
|t|m
m!
p(m+1)2−j (expH)
≤ c
∑
m∈N
|t|m
m!
((m+ 1)2−j)−n/2e−2
q/4(m+1)2−j(19)
≤ c2jn/2
∑
m∈N
m−n/2
|t|m
m!
e−2
q+j/4(m+1)
≤ c2jn/2
∑
m∈N
|t|m
m!
e−2
q+j/4(m+1).
Set
N1 =
{
m ∈ N : m ≤ 2(q+j)/2} , N2 = N\N1,
and
Sk =
∑
m∈Nk
|t|m
m!
e−2
q+j/4(m+1), k = 1, 2.
From (19), we have that
(20)
∣∣∣eite2−j∆X p2−j (expH)∣∣∣ ≤ c2jn/2(S1 + S2).
We shall first estimate S1. If m ∈ N1, then m ≤ 2(q+j)/2. So,
e−2
q+j/4(m+1) ≤ e−2q+j/4(2(q+j)/2+1) ≤ e−2(q+j)/2/8,
and
S1 ≤ ce−2(q+j)/2/8
∑
m∈N1
|t|m
m!
= ce−2
(q+j)/2/8e|t|.
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But |t| ≤ δ2(q+j)/2, and consequently
(21) S1 ≤ ce−2(q+j)/2/8eδ2(q+j)/2 ≤ ce−c2(q+j)/2 ,
since δ < 1/8.
To estimate S2, we make use of Stirling’s formula:
1
m!
≤ c ( e
m
)m
. By
the estimate (9) of pt(expH), and the facts that |t| ≤ δ2(q+j)/2 and
m > 2(q+j)/2, we have
S2 =
∑
m∈N2
|t|m
m!
e−2
q+j/4(m+1) ≤
∑
m∈N2
|t|m
m!
≤ c
∑
m∈N2
(δ2(q+j)/2)m
( e
m
)m
≤ c
∑
m∈N2
(δ2(q+j)/2)m
( e
2(q+j)/2
)m
≤ c
∑
m∈N2
(δe)m.
But δ < 1/8 < e−2. So,
(22) S2 ≤ c
∑
m∈N2
(δe)m ≤ c
∑
m>2(q+j)/2
e−m ≤ ce−2(q+j)/2 .
Putting together (20), (21) and (22), the estimate (17) follows, and the
proof of the lemma is complete. 
3.1.2. Integral estimates of the kernels κj. In this section, we shall
prove estimates of the L2-norm of the kernels κj , which will allow us to
obtain estimates of the L∞-norm of the local part T 0α,β of the operator
Tα,β. For that we need the following approximation lemma, [24].
For f ∈ Ck0 (R), k ∈ N, consider the norm
‖f‖Ck = ‖f‖∞ + ‖f ′‖∞ + · · ·+ ‖f (k)‖∞.
Lemma 4. Let f ∈ Ck0 (R), k ∈ N and ξ > 0. Then there exist a
continuous and integrable function ψ and a constant c > 0, independent
of ξ and f , such that
supp ψ̂ ⊂ [−ξ, ξ], ‖ψ̂‖∞ ≤ c, and ‖f − f ∗ ψ‖∞ ≤ c‖f‖Ckξ−k.
We shall also need the following estimates of the functions hj defined
in (12):
(23) ‖hj‖∞ ≤ c sup
ξ∈(e1/2,e2)
|mj(2j ln ξ)ξ−1| ≤ c2−βj/2,
and
(24) ‖hj‖Ck ≤ c2−βj/22αkj/2, j, k ∈ N.
The proof of (23) and (24) is straightforward and then omitted.
Lemma 5. Assume that q ≤ 0. Then, for all j, k ∈ N, q ≥ −j, there
is a constant c > 0, such that
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(i) ‖κj‖L2(X) ≤ c2−(β−
n
2 )j/2,
(ii) ‖κj‖L2(Aq) ≤ c2−(β−
n
2
+k(1−α))j/22−kq/2.
Proof. (i) By the semigroup property of the heat operator and the
estimate (9) of pt(x, y), we have that
‖pt(·, y)‖2L2(X) =
∫
X
p2t (x, y)dx =
∫
X
pt(x, y)pt(y, x)dx
= p2t(y, y) ≤ ct−n/2.
It follows that
(25) ‖p2−j(·, y)‖L2(X) ≤ c
√
2jn/2 ≤ c2jn/4,
for any y ∈ X .
Recall that κj(x) = hj(e
2−j∆X )p2−j (x). So, combining (25) and (23)
we get that
(26) ‖κj‖L2(X) ≤ ‖hj‖∞‖p2−j‖L2(X) ≤ c2−βj/22jn/4.
(ii) Let us consider the function ψj,q, given in Lemma 5, that satisfies
(27) ‖ψ̂j,q‖∞ < c, ‖hj − hj ∗ ψj,q‖∞ ≤ ‖hj‖Ck2−k(q+j)/2,
and
supp ψ̂j,q ⊂ [−δ2(q+j)/2, δ2(q+j)/2].
Combining (24) with (27), it follows that
(28) ‖hj − hj ∗ ψj,q‖∞ ≤ c2−βj/22kαj/22−k(q+j)/2.
Write
κj(x) = hj
(
e2
−j∆X
)
p2−j (x)(29)
= ((hj − hj ∗ ψj,q) + hj ∗ ψj,q) (e2−j∆X )p2−j(x).
Thus
‖κj‖L2(Aq) ≤ ‖ (hj − hj ∗ ψj,q)
(
e2
−j∆X
)
p2−j (x)‖L2(Aq)
+ ‖(hj ∗ ψj,q)(e2−j∆X )p2−j (x)‖L2(Aq) := I1 + I2.(30)
To estimate I1, we shall make use of the L
2-contractivity of the heat
semigroup, as well as (25), to get
I1 ≤ ‖hj − hj ∗ ψj,q‖∞‖e2−j∆Xp2−j‖L2(X)
≤ ‖hj − hj ∗ ψj,q‖∞‖p2−j‖L2(X)
≤ ‖hj − hj ∗ ψj,q‖∞2jn/4.
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But, by (28),
‖hj − hj ∗ ψj,q‖∞ ≤ c2−βj/22kαj/22−k(q+j)/2.
So,
(31) I1 ≤ c2−(β−n/2+k(1−α))j/22−kq/2.
Let us now estimate I2. By the inversion formula of the euclidean
Fourier transform, we have that
(hj ∗ ψj,q)(e2−j∆X ) = c
∫
R
̂(hj ∗ ψj,q)(t)eite2
−j∆X dt
= c
∫
R
hˆj(t)ψˆj,q(t)e
ite2
−j∆X dt.(32)
Bearing in mind that supp ψˆj,q ⊂
[−δ2(q+j)/2, δ2(q+j)/2], we get that∣∣∣(hj ∗ ψj,q)(e2−j∆X )p2−j (x)∣∣∣ ≤ c ∫
|t|≤δ2(q+j)/2
|hˆj(t)||ψˆj,q(t)|
∣∣∣eite2−j∆X p2−j (x)∣∣∣ dt
≤ c‖hˆj‖∞‖ψˆj,q‖∞
∫
|t|≤δ2(q+j)/2
∣∣∣eite2−j∆X p2−j (x)∣∣∣ dt.
But from (17) we have that∣∣∣eite2−j∆X p2−j(x)∣∣∣ ≤ ce−c2(q+j)/22nj/2, for all x ∈ Aq and |t| ≤ δ2(q+j)/2.
So,∣∣∣(hj ∗ ψj,q)(e2−j∆X )p2−j (x)∣∣∣ ≤ c‖hˆj‖∞‖ψˆj,q‖∞ ∫
|t|≤δ2(q+j)/2
e−c2
(q+j)/2
2jn/2dt
≤ c‖hˆj‖∞‖ψˆj,q‖∞δ2(q+j)/2e−c2(q+j)/22jn/2
≤ c‖hj‖1‖ψˆj,q‖∞e−c2(q+j)/22jn/2,(33)
where in the last step we used the inequality ‖hˆj‖∞ ≤ ‖hj‖1.
Next, recall that from (23), we have that ‖hj‖∞ ≤ c2−βj/2. Also, by
(13), supp hj ⊂ (e1/2, e2). These yield that
(34) ‖hj‖1 ≤ c2−βj/2.
Also, from Lemma 4, we have that ‖ψˆj,q‖∞ < c. Combining this with
(34) and (33) we deduce that
(35)
∣∣∣(hj ∗ ψj,q)(e2−j∆X )p2−j (x)∣∣∣ ≤ c2−βj/2e−c2(q+j)/22jn/2.
Finally, note that if q ≤ 0, then
Aq ⊂ U2(q+1)/2 and |U2(q+1)/2 | ≤ c2qn/2.
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So, by (35), it follows that
‖(hj ∗ ψj,q)(e2−j∆X )p2−j‖L2(Aq) ≤ |Aq|1/2‖(hj ∗ ψj,q)(e2
−j∆X)p2−j‖∞
≤ c|U2(q+1)/2 |1/22−βj/2e−c2
(q+j)/2
2jn/2
≤ c2qn/42−βj/2e−c2(q+j)/22jn/2
≤ c2(q+j)n/42−βj/2e−c2(q+j)/22jn/4.
Using that
e−cxxn/2 ≤ c0x−k, c0 > 0, for every x ≥ 1 and k ∈ N,
we obtain that
I2 = ‖(hj ∗ ψj,q)(e2−j∆X)p2−j‖L2(Aq) ≤ c2−βj/22−k(q+j)/22jn/4
= c2−(β−n/2+k)j/22−kq/2
≤ c2−(β−n/2+k(1−α))j/22−kq/2.(36)
From (36) and (31) it follows that
‖κj‖L2(Aq) ≤ I1 + I2 ≤ c2−(β−n/2+k(1−α))j/22−kq/2,
and the proof of the lemma is complete. 
Lemma 6. For every j ≥ 0,
‖κj‖L1(B(0,1)) ≤ c2−(β−αn/2)j/2.
Proof. Write
(37)∫
|x|≤1
|κj(x)|dx =
∫
|x|≤2−(1−α)j/2
|κj(x)|dx+
∫
2−(1−α)j/2≤|x|≤1
|κj(x)|dx.
Using Lemma 5, the fact that |B(0, r)| ≤ crn, r ≤ 1, and Cauchy-
Schwartz inequality, we get that∫
|x|≤2−(1−α)j/2
|κj(x)|dx ≤ |B(0, 2−(1−α)j/2)|1/2‖κj‖L2(X)(38)
≤ c2−(1−α)jn/42−βj/22jn/4
≤ c2−(β−αn/2)j/2.
Set
Aℓ =
{
x ∈ G : 2−(1−α)(ℓ+1)/2 ≤ |x| ≤ 2−(1−α)ℓ/2} ,
and note that {
x ∈ G : 2−(1−α)j/2 ≤ |x| ≤ 1} ⊂ ∪j−1ℓ=0Aℓ.
Note also that if q = −(1−α)(ℓ+1), ℓ = 0, 1, ..., j−1, then, 0 ≥ q ≥ −j.
12 EFFIE PAPAGEORGIOU
It follows that∫
2−(1−α)j/2≤|x|≤1
|κj(x)|dx ≤
j−1∑
ℓ=0
∫
Aℓ
|κj(x)|dx
≤
j−1∑
ℓ=0
|Aℓ|1/2‖κj‖L2(Aℓ)
≤
j−1∑
ℓ=0
|B (0, 2−(1−α)ℓ/2) |1/2‖κj‖L2(Aℓ)(39)
≤ c
j−1∑
ℓ=0
2−(1−α)ℓn/4‖κj‖L2(Aℓ).
But, from Lemma 5,
(40) ‖κj‖L2(Aq) ≤ c2−(β−n/2+k(1−α))j/22−kq/2,
for all j, k ∈ N, and q ∈ [−j, 0].
Choosing k > n/2, from (39) and (40), it follows that∫
2−(1−α)j/2≤|x|≤1
|κj(x)|dx ≤ c
j−1∑
ℓ=0
2−(1−α)ℓn/42−(β−n/2+k(1−α))j/22k(1−α)ℓ/2
≤ c2−(β−n/2+k(1−α))j/2
j−1∑
ℓ=0
2(k−n/2)(1−α)ℓ/2
≤ c2−(β−n/2+k(1−α))j/22(k−n/2)(1−α)j/2
≤ c2−jβ/22jn/42−nj/42njα/4(41)
≤ c2−(β−αn/2)j/2.
Combining (38) and (41), we obtain that
‖κj‖L1(B(0,1)) ≤ c2−(β−αn/2)j/2,
and the proof of the lemma is complete. 
Consider a cut-off function ζ ∈ C∞(K\G/K), as in (10), and set
κ0j = ζκj, T
0
j = ∗κ0j and m0j = H(κ0j).
Lemma 7. For every j ≥ 0, the following holds true
(42) ‖T 0j ‖L2(X)→L2(X) ≤ c2−βj/2.
OSCILLATING MULTIPLIERS 13
Proof. By Plancherel theorem,
‖T 0j ‖L2(X)→L2(X) ≤ ‖m0j‖L∞(a∗) = ‖H(κ0j)‖L∞(a∗)
= ‖H(ζκj)‖L∞(a∗) = ‖H(ζ) ∗ H(κj)‖L∞(a∗)(43)
= ‖H(ζ) ∗mj‖L∞(a∗) ≤ ‖H(ζ)‖L1(a∗)‖mj‖L∞(a∗).
Since ζ ∈ S(K\G/K), then, as it is mentioned in Section 2, its spherical
Fourier transform H(ζ), belongs in S(a∗)W ⊂ L1(a∗). So,
‖H(ζ)‖L1(a∗) ≤ c(ζ) <∞.
From (43), (11) and (1) it follows that
‖T 0j ‖L2(X)→L2(X) ≤ c(ζ)‖mj‖L∞(a∗)
= c(ζ) sup
2
(j−1)/2
≤‖λ‖≤2
(j+1)/2
∣∣mα,β (λ)ω(2−jλ)∣∣
≤ c(ζ)2−βj/2.
and the proof of the lemma is complete. 
3.1.3. Proof of Proposition 2. We treat first the case of symmetric
spaces.
(i) Let β > αn/2. Then, since κα,β =
∑
j≥0 κj , by Lemma 6, we have
‖κ0α,β‖L1(X) = ‖ζκα,β‖L1(X) ≤ c‖κα,β‖L1(B(0,1))
≤ c
∑
j≥0
‖κj‖L1(B(0,1)) ≤ c
∑
j≥0
2−(β−αn/2)j/2 < c.
This implies that
(44) ‖T 0α,β‖L∞(X)→L∞(X) ≤ c.
Further, by (42) and the fact that T 0α,β =
∑
j≥0 T
0
j , it follows that
‖T 0α,β‖L2(X)→L2(X) ≤
∑
j≥0
‖T 0j ‖L2(X)→L2(X)
≤ c
∑
j≥0
2−βj/2 ≤ c <∞.(45)
By interpolation, it follows from (44) and (45) that T 0α,β is bounded on
Lp(X), for all p ∈ (1,∞).
(ii) Recall that T 0j = ∗κ0j and that κ0j = ζκj. So, from Lemma 6 we
get that
‖T 0j ‖L∞(X)→L∞(X) ≤ ‖κ0j‖L1(X) = ‖ζκj‖L1(X)
≤ c‖κj‖L1(B(0,1)) ≤ c2−(β−αn/2)j/2.(46)
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Also from Lemma 7, we have that
(47) ‖T 0j ‖L2(X)→L2(X) ≤ c2−βj/2.
Interpolating between (46) and (47) we get that for p ≥ 2
‖T 0j ‖Lp(X)→Lp(X) ≤ c‖T 0j ‖1−2/pL∞(X)→L∞(X)‖T 0j ‖2/pL2(X)→L2(X)
≤ c2−(1−2/p)(β−αn/2)j/22−(2/p)βj/2
≤ c2−(β−αn( 12− 1p))j/2.
Thus,
‖T 0α,β‖Lp(X)→Lp(X) ≤
∑
j≥0
‖T 0j ‖Lp(X)→Lp(X)
≤ c
∑
j≥0
2−(β−αn(
1
2
− 1
p))j/2 <∞,
provided that β > αn
(
1
2
− 1
p
)
. The Lp-boundedness of T 0α,β for p ∈
(1, 2), follows by duality.
For the case of locally symmetric spaces, we proceed as in [19, Propo-
sition 13]. We first observe that T̂ 0α,β can be defined as an operator
on the group G, and then, apply the local result of Proposition 2 to
conclude its boundedness on Lp(X). Then, the continuity of T̂ 0α,β on
Lp(M), follows by applying Herz’s Theorem A, [15].
3.2. The part at infinity. In this section we prove the following
proposition.
Proposition 8. Assume that α ∈ (0, 1) and that M belongs in the
class (KS). Then the operator T∞α,β (resp. T̂
∞
α,β) is bounded on L
p(X)
(resp. on Lp(M)) for all p ∈ (1,∞).
For the proof of the proposition above we shall make use, as in [3,
20, 10, 8], of Kunze and Stein phenomenon. We shall give the proof of
the Lp-boundedness only for T̂∞α,β. The case of T
∞
α,β is similar and then
omitted. For that we need to introduce some notation.
For p ∈ (1,∞), set
(48) vΓ(p) = 2min{(1/p), (1/p′)}||ηΓ‖‖ρ‖ + |(2/p)− 1|,
where p′ is the conjugate of p and ηΓ ∈ a∗ is the vector appearing in
(5).
We say that the multiplier m belongs in the classM(v,N, θ), v ∈ R,
N ∈ N, θ ∈ (0, 1), if
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(i) m is analytic inside the tube T v = a∗ + ivCρ, and
(ii) for every multi-index k with |k| ≤ N , ∂km(λ) extends continu-
ously to the whole of T v,
and satisfies the estimates:
(49) |∂km(λ)| ≤ c(1 + |λ|2)−kθ/2 :=< λ >−|k|θ .
Proof of Proposition 8. The proof is given in steps.
Step 1. For any p ∈ (1,∞), the multiplier mα,β belongs in the class
M(v,N, θ) with v ∈ (vΓ(p), 1), N ∈ N and θ = 1− α.
Indeed, mα,β (λ) has poles only at λ = ±iρ. So, the function λ −→
mα,β (λ) is analytic in the tube T
v = a∗ + ivCρ, v < 1. Secondly, for
λ ∈ Tv,
(50)
∣∣∂kma,β(λ)∣∣ ≤ c(1 + |λ|)−β−|k|(1−a) ≤ c(1 + |λ|2)−|k|(1−α)/2,
for every multi-index k.
Step 2. The operator T̂∞α,β is bounded on L
p(M) for all p ∈ (1,∞).
Since M belongs in the class (KS), then, according to Kunze and
Stein phenomenon, we have that
||T̂∞κ ||Lp(M)→Lp(M) ≤
∫
G
|κ∞(g)|ϕ−iηΓ(g)s(p)dg
≤
∫
|g|≥1/2
|κ(g)|ϕ−iηΓ(g)s(p)dg.
We shall deal with the integral for |g| ≥ 1; the case for 1/2 ≤ |g| ≤
1 can be treated similarly. For that, we proceed as in the proof of
Theorem 1 in [20], which is based on Proposition 5 of [3]. By the
Cartan decomposition of G, we get that
(51)∫
|g|≥1
|κ(g)|ϕ−iηΓ(g)s(p)dg =
∑
j≥1
∫
Uj+1\Uj
|κ(g)|ϕ−iηΓ(g)s(p)dg :=
∑
j≥1
Ij.
Set b = n−d, d = dim a∗ = rankX and let b′ be the smallest integer ≥
b/2. In [20, p.645], using [3, p.608], it is proved that if m ∈M (v,N, θ),
where N ∈ N, θ = (1− α) ∈ (0, 1) and v > vΓ(p), then for j ≥ 1,
(52)
Ij ≤ cj−Nj(d−1)/2
∑
0≤k≤N
(∫
a∗
(< λ >b
′−N+k |∂kλm(λ+ iρ)|)2dλ
)1/2
.
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Using the estimates (50) of the derivatives of m(λ) it follows that
Ij ≤ cj−Nj(d−1)/2
∑
0≤|k|≤N
(∫
a∗
(< λ >b
′−N+|k|< λ >−|k|θ)2dλ
)1/2
≤ cj−Nj(d−1)/2
(∫
a∗
< λ >2(b
′−θN) dλ
)1/2
≤ cj−Nj(d−1)/2,
by choosing N large enough, say N > n+1
2θ
≥ 2b′+d
2θ
.
From (51) it follows that∫
|g|≥1
|κ∞(g)|ϕ−iηΓ(g)s(p)dg =
∑
j≥1
Ij ≤ c
∑
j≥1
j−Nj(d−1)/2 <∞,
if for example N − d−1
2
> 1. 
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